Cusp forms for the full modular group can be written as linear combination of double Eisenstein series introduced by Gangl, Kaneko and Zagier. We give an explicit formula for decomposing a Hecke eigenform into double Eisenstein series.
Main result and its proof
Double Eisenstein series G r,s was first studied by Gangl, Kaneko and Zagier [3, Section 7] in connection with double zeta values ζ(r, s) = 0<n<m 1 n r m s (r ≥ 1, s ≥ 2).
For k even, they proved that the C-vector space DE k spanned by the Eisenstein series G k and G r,s (r + s = k, r, s ≥ 1) contains the C-vector space S k of cusp forms of weight k for SL 2 (Z). Therefore for f ∈ S k there are numbers b k , a r,k−r ∈ C such that f = b k G k + a r,k−r G r,k−r , and its constant term as q-series leads to the relation b k ζ(k) + a r,k−r ζ(r, k − r) = 0. This explains a phenomenon discovered by Zagier [10, §8] that cusp forms give rise to linear relations among double zeta values. Since double zeta values satisfy numerous linear relations, the expression of linear relations obtained from a cusp form is not unique. The natural question to ask is which relations of double zeta values can give back cusp forms. Namely, find linear relations b k ζ(k) + a r,k−r ζ(r, k − r) = 0 such that b k G k + a r,k−r G r,k−r is a cusp form. In this paper we answer this question by giving a canonical expression of normalized Hecke eigenforms of S k in terms of double Eisenstein series.
We set up notation. For a positive integer k ≥ 1 we define the (formal) Eisenstein series as a q-series
where we let ζ(k) = ζ(k)/(2π √ −1) k for k ≥ 2 and ζ(1) := 0, and
is the usual divisor function. The q-series G k (q) is a modular form of weight k for SL 2 (Z), if k ≥ 4 is even and q = e 2π √ −1τ with τ being a variable in the complex upper half-plane (we refer to [8, Chapter VII] for the basics of modular forms). The q-series G k (q) with k odd may not play a role in the theory of classical modular forms, but is important in connection with zeta values.
Following [3, Section 7] , we define the double Eisenstein series as a q-series. Let ζ(r, s) = ζ(r, s)/(2π √ −1) r+s for r ≥ 1, s ≥ 2 and ζ(r, 1) = − ζ(1, r) − ζ(r + 1) for r ≥ 2. We also let ζ(1,
where δ r,p is Kronecker's delta. The double Eisenstein series G r,s (q) is then defined for integers r, s ≥ 1 by
where q-series g h (q), g r,s (q), ε s,r (q) are defined in [3, Eqs. (51), (53), (56)], respectively. Note that in [3, Section 7] they use the opposite convention, i.e. their double zeta value ζ(r, s) converges if r ≥ 2 and s ≥ 1.
From the period theory of modular forms, we define the completed
We set the numbers q i,j (f ) ∈ C for f ∈ S k and integers i, j ≥ 1 with i + j = k by
In [7] , q i,j (f ) is denoted by s + i−1 (f ) (the subscript j does not appear in the right handside of (1), but we use q i,j (f ) for convention). Note that by the functional equation
We can now formulate the main result of this paper. Theorem 1. For a normalized Hecke eigenform f ∈ S k , we have r+s=k r,s≥1:odd
where we write
Proof. The proof is elegantly done by combining works of Gangl, Kaneko and Zagier [3] , Kohnen and Zagier [6] , and Popa [7] . First of all, we recall some results of [3] . Let
,
It was shown in [3, Theorem 7] that the double Eisenstein series satisfies the double shuffle relation: for r, s ≥ 1 (r + s ≥ 3) we have 
where the coefficient of G k (q) in (4) can be found in the proof of [3, Theorem 3] . From this and the first equality in (3) we have r+s=k r,s:even q r,s (f ) P r,s (q) −G k (q) = 6 r+s=k r,s:odd
Secondly, we use a result of [6, Theorem 9] : it is an extra relation among values L * 
where β k = ζ(k) ∈ Q for k even. Using (4), for a cusp form f ∈ S k one computes r+s=k r,s:even
where for the last equality we have used (5) (the last equality holds only for a cusp form, but other equalities hold for f ∈ M k ). Finally, using Theorem 5.1 of [7] at m = 0, we see that the identity r+s=k r,s:even
holds for any normalized Hecke eigenform f ∈ S k . We complete the proof.
It can be shown that G 1 2 r,s (q)'s with r, s odd are linearly independent over C (the proof is done by using the Vandermonde determinant as in [5, Theorem 5] ). Hence Theorem 1 gives an explicit formula for a normalized Hecke eigenform of S k in terms of the chosen basis of the space DE k . Here the notation G 1 2 originates from Yamamoto's study [9] of an interpolation of multiple zeta and zeta-star values and our work is motivated by an unpublished work on ζ Proof. We may derive the statement from taking constant terms as q-series on both sides of (2) and the linearity q i,j (f + g) = q i,j (f ) + q i,j (g) for f, g ∈ S k .
Let us illustrate an example of Theorem 1. For ∆(q) = q n>0 (1 − q n ) 24 = n>0 τ (n)q n ∈ S 12 , after multiplication by 2
Observe that all coefficients of G 1 2 r,s (q) in (6) are congruent to 568 modulo 691. This shows that for all r, r ′ ≥ 1, s, s ′ ≥ 3 odd with 12 = r + s = r ′ + s ′ , one has
This congruence is motivated by the Ramanujan congruence τ (n) ≡ σ 11 (n) mod 691. Unfortunately, the Ramanujan congruence is not an obvious consequence of the identity (6) (we have to do some extra works on Q-linear relations among g k (q)'s, whose coefficient is σ k−1 (n), and g r,s (q)'s), but is obtained as a consequence of Popa's result [7, Theorem 5 .1] for ∆(q), related to Manin's coefficient theorem. Interestingly, the congruence (7) extends to k ≥ 12 with dim C S k = 1. Namely, one has q r,s (f )/L * f (k − 1) ≡ q r ′ ,s ′ (f )/L * f (k − 1) mod N k , where N k determines the Ramanujan-type congruences a f (n) ≡ σ k−1 (n) mod N k for a normalized Hecke eigenform f = n>0 a f (n)q n ∈ S k (see e.g. [7, Section 5] ). Since the coefficients q i,j (f )'s give a linear relation among ζ Acknowledgement. Many thanks to Masanobu Kaneko for helpful comments on an earlier version of this paper. This work is partially supported by JSPS KAKENHI Grant No. 18K13393.
